We study the thermodynamical aspects of f (R) gravity in the Jordan and the Einstein frame, and we investigate the corresponding equivalence of the thermodynamical quantities in the two frames. We examine static spherically symmetric black hole solutions with constant Ricci scalar curvature R, and as we demonstrate, the thermodynamical quantities in the two frames are equivalent. However, for the case of black holes with non-constant scalar curvature R, the thermodynamical equivalence of the two frames is no longer valid. In addition, we examine cosmological solutions with non-trivial curvatures and as we demonstrate the thermodynamical quantities in both frames are not equivalent.
of the present study to investigate the equivalence between the two frames of f (R) gravity, namely in the Einstein and Jordan frame, using black hole solutions and cosmological models on the thermodynamic level. In principle, the equivalence of the two frames can be granted for conformal invariant quantities, so the rest of the quantities which are not conformal invariant, should be explicitly studied with regard to their equivalence in the two frames.
The outline of the paper is: In Section II, a brief account of f (R)-Maxwell theory in Jordan frame and its conformal scalar-tensor theory in Einstein frame is presented. In Section III, for a spherically symmetric black hole solution with a constant curvature, the correspondence of f (R) gravity in Jordan and Einstein frames is critically discussed. In Section IV, for a spherically symmetric black hole solution with a non-constant curvature, the correspondence of f (R) gravity in Jordan and Einstein frames is examined. We extend our study to include cosmological models with homogeneous and isotropic symmetry of flat FLRW solution. In Section V, the correspondence of f (R) gravity, in power-law cosmology, in Jordan and Einstein frames is investigated. In Section VI, the correspondence in a cosmological solution other than the power-law cosmology is examined. In Section VII, the conclusions follow.
II. FIELD EQUATIONS OF f (R)-MAXWELL THEORY IN THE JORDAN AND THE EINSTEIN FRAMES
In this section, we recall some essential information about representation of f (R) gravity in Jordan and Einstein frames. Thus, in absence of ordinary matter, the action of the Jordan frame f (R) gravity coupled to Maxwell field is, [6, 7, 12, 35] S J = S g + S e.m. .
Here, the 4-dimensional gravitational action Sg of an f (R) theory in this frame is,
where Λ is the cosmological constant, R is the Ricci scalar, κ = 8πG = 8π/m 2 p (with G is Newton's gravitational constant and m p = 1.22 × 10 19 GeV is Planck's mass), g is the determinant of the metric and f (R) is an analytic differentiable function of the Ricci scalar R. In addition, the electrodynamics action Se.m. is,
where F µν = 2A [µ,ν] is the anti-symmetric electromagnetic tensor 1 , and A µ denotes the 1-form gauge potential. The variation of the action (1) with respect to the metric tensor g µν and the electromagnetic field strength F gives, respectively, the following set of field equations [37] ,
where f R = ∂f ∂R and T µν defines the traceless energy-momentum tensor of the electrodynamics field,
By Taking the trace of equation (4), we have,
It has been shown that the f (R) gravity can be written in the form of the Brans-Dicke theory by introducing an auxiliary field χ through a non-minimal coupling term as in the following action,
The variation of the action with respect to χ yields f χχ (R − χ) = 0. For f χχ = 0, i.e. χ = R, the above action turns back to the action (1) . In this sense, the field equations produced by the action (8) are identical to those previously obtained from action (1) , namely equations (4) and (5) .
By choosing σ = f χ (χ), the action (8) reads as Brans-Dicke like theory with a non-minimal coupling term σR and a scalaron potential V (σ). However, one can always eliminate the non-minimal coupling term in the Jordan frame by moving to the Einstein frame via the conformal transformation, g µν →ḡ µν (x) = Ω 2 (x)g µν (x) , (9) with the spacetime conformal factor Ω chosen as Ω 2 (x) = f R , which requires f R > 0 [21, 38] . We note that under the transformation (9) , the Ricci scalar transforms as R →R. However, by introducing the canonical scalar field,
and by applying the conformal transformation (9) , the action (8) transforms to the corresponding scalar-tensor theory in the Einstein frame [38] ,
where the potential of the canonical scalar field φ reads,
We note that the potential V E (φ) can be expressed in terms of φ using the inverse relation f R = e √ 2κ/3 φ . In addition, the energy-momentum tensor transforms as
We close this section mentioning that the physical interpretation of the correspondence of Jordan and Einstein frames is not an easy task. The equivalence of the two frames is supported by several studies, for example the equivalence of the inflationary parameters in both frames [39] , also the thermodynamical equivalence has been discussed in the case of BD theory [40] . On the contrary, some work shows that the thermodynamic on cosmic scale is inequivalent in the two frames in the disformal f (R) gravity [23] . In addition, the difference of the two frames has been shown in other cases, c.f. [17, 41] . Moreover, for the case that the finite time singularities could transform from one type in one frame to another type in the other frame [21] . Furthermore, it has been shown that f (R) models free from anisotropic singularities could be constructed in Einstein frame, but it is not necessarily true that these models are non-singular in the Jordan frame [22] . In the same line of research, we focus in this study on some thermodynamical quantities which may give a new perspective in the Jordan-Einstein frame (non-)equivalence.
III. BLACK HOLES WITH CONSTANT CURVATURE IN f (R) GRAVITY
In this section, we discuss the thermodynamics of spherically symmetric black hole solutions of f (R) gravity in both Jordan and Einstein frames, focusing on those black holes which have constant scalar curvature. The aim is to investigate the validity of the correspondence of these solutions on the thermodynamics level.
A. Thermodynamics of Black Holes in the Jordan frame
For a static spherically symmetric black hole, we assume that the line element of the spacetime metric is,
where −∞ < t < ∞, r ≥ 0, 0 ≤ θ < 2π and 0 ≤ ϕ ≤ π. We insert the metric (13) in the f (R) gravity field equations (4), and we take the f (R) gravity to be,
By solving the equations of motion, we get the solution [42] ,
where Ω = √ 1 − 16αΛ. It is easy to show that this solution leads to a constant Ricci scalar, R = −8Λ, as required for our study in this section. We note that the valid range of the parameter α is 0 < α < 1/(16Λ) in order to satisfy the stability and the ghost free constraints f R > 0 and f RR > 0. For Anti de Sitter Reissner Nordström (AdSRN) spacetime, i.e Λ < 0, Eq. (15) produces three horizons one of them is cosmological while the others two are event horizons. For de Sitter Reissner Nordström (dSRN) spacetime, i.e Λ > 0, the solution produces only two event horizons. The later is shown in Fig. 1(a) , the plot shows that the black hole could have at most two horizons at the roots of N (r) = 0, those are the Cauchy (inner) horizon r c and the event (outter) horizon r h . We note that, in the case m > 0, q > 0 and Λ > 0, we find that these two roots are possible as long as the black hole mass m > m min , where
where Ψ = Ω 2 + 8Λq 2 . This identifies the minimum horizon mass-radius relation of the black hole or the so-called Nariai black hole. Interestingly, in this case the two horizons coincide forming one horizon, r h = r c = r dg , that is the degenerate horizon,
It is useful to calculate the total mass contained within the event horizon r h . This can be done by setting N (r h ) = 0, and then we obtain the horizon mass-radius relation,
We plot the above relation in Fig. 1(b) , whereas m h has always positive values, the black hole has two horizons if m h > m min and only one horizon if m h = m min , otherwise, there is no horizon. These results are in agreement with Fig. 1(a) . However, the horizon mass-radius relation shows that m h diverges as r h → 0 and r h → ∞. Notably, from Eq. (18) one can alternatively identify the degenerate horizon, r d , by setting ∂m h /∂r h = 0. This gives r dg as previously obtained in Eq. (17) . Next, we derive some thermodynamical quantities essential for the considerations to follow. The Bekenstein-Hawking entropy in the context of f (R) gravity is [37, 43] ,
where A is the area of the event horizon. In the GR limit f R = 1, we get S h ∝ A. For the solution (15), we write,
As it is clear, the above form reduces to the one corresponding to GR results when α = 0. Notably, since R is constant in the quadratic f (R) gravity, the entropy still fulfills S h ∝ A just as in GR gravity however, we have f R = 1. For 0 < α < 1 16Λ , we obtain the typical entropy behavior S h > 0 and increases with r h . Accordingly, we plot Bekenstein-Hawking entropy in Fig. 1(c) .
The Hawking temperature T (r h ) of the quadratic f (R) gravity at the event horizon [5] is,
where the prime denotes the derivative with respect to the the radial coordinates and the event horizon r h is the largest positive root of N (r h ) = 0 that satisfies N ′ (r h ) = 0. Substituting the solution (15) into Hawking temperature, we obtain,
Remarkably, if the event horizon, r h , is located at the degenerate horizon, r dg , namely (17) , the Hawking temperature vanishes. This can be shown in Fig. 1(d) , where the temperature is negative if r h < r dg and positive otherwise. (18) with minimum mass given by (16) , it shows that, for Λ > 0 case, the solution admits at most two horizons (rc, r h ) when m h > mmin, one degenerate horizon (rc = r h = r dg ) when m h = mmin and otherwise it provides a naked singularity; (c) typical behavior of the horizon entropy, (20) , which shows that S h increases quadratically as r h increases; (d) typical behavior of the horizon temperature, (22) , and the heat capacity, (24) , which shows that both vanish at r dg , (17), the black hole is unstable (i.e C h < 0) when r h < r dg and it is stable (i.e C h > 0) when r h > r dg ; (e) typical behavior of the horizon quasi-local energy, (26) , which shows that E h > 0 is max when r h = Ω √ 2α 8αΛ and it vanishes at r h = 0 and r h = Ω √ 6α 8αΛ , otherwise E h becomes negative; (f) typical behavior of the horizon Gibbs free energy, (28) , which shows that G h could have only positive values for large α 1/(16Λ), whereas G h interpolates between dSRN and de Sitter Schwarzschild black holes, otherwise it peaks up at some r h and then drops to negative values at large r h as in dSRN case. We take q = 0.5, Λ = 1 and different values of α satisfies 0 < α < 1/(16Λ), whereas α = 0 reduces to dSRN black hole.
Notably, the stability of the black hole solution can be studied on the dynamical and the perturbative levels, c.f [44] [45] [46] , one of the essential quantities to investigate the thermodynamical stability of black holes is the heat capacity C(r h ) at the event horizon. The event horizon heat capacity is given by [47] [48] [49] ,
We note that the black hole is thermodynamically stable, if the heat capacity C h is positive, otherwise it is unstable. Substituting (18) and (22) into (23), we calculate the heat capacity,
Since C h does not locally diverge as it is clear from the above equation, the black hole has no phase transition of second-order. We plot the heat capacity in Fig. 1(d) which shows that C h < 0 where r h < r dg and the black hole is thermodynamically unstable. On the contrary, C h > 0 where r > r dg and the black hole is thermodynamically stable. Notably, the heat capacity vanishes on the degenerate horizon, r dg , as well as the Hawking temperature. Also, the quasi-local energy E(r h ) of the f (R) gravity (see [50, 51] ) at the event horizon is,
so for the quadratic f (R) gravity (14), we obtain
As it is clear, for α = 0 the Schwarzschild solution, 8αΛ . This non trivial modification is due to the quadratic correction of the f (R) gravity. We plot Eq. (26) as in Fig. 1(e) , the quasi-local energy is positive for 0 < r h < Ω √ 6α 8αΛ , while it is negative for larger r h . Finally, the free energy in the grand canonical ensemble, which is also known as Gibbs free energy, is defined as, [51, 52] 
Using Eqs. (18), (20) , (22) and (27), the Gibbs free energy reads,
In Fig. 1 (f), we plot Gibbs energy of the black hole (15) which shows that the Gibbs energy diverges at r h → 0 + for non vanishing charge for all values of 0 < α < 1/(16Λ). This is typical behavior of Gibbs energy of charged black holes which drop to negative values at large r h . We note that for α = 0, the dSRN black hole is recovered. Interestingly, for large values of α 1/(16Λ), Gibbs energy is always positive and interpolates between two black hole solutions, RdSN and Schwarzschild black holes. This clear in Fig. 1(f) , since G h diverges as r h → 0 + as in dSRN case, then it drops to a minimum positive value and turns up to match Schwarzschild solution. So this case produces an intermediate case of these solutions.
As clear from the above calculations the thermodynamics of the black hole solution of the quadratic f (R) gravity is non trivially modified. This is the case within Jordan frame, we next investigate the case within Einstein frame as well searching for possible correspondences on the thermodynamics level of these two frames, if any.
B. Thermodynamics of Black Holes in the Einstein frame
In this subsection, we reevaluate the same quantities that have been discussed in the previous subsection, but in the Einstein frame, investigating possible changes between the two frames. For that purpose, we apply the conformal transformation (9) to the spacetime metric (13) , that is ds 2 E = Ω 2 ds 2 J , where the conformal factor of the f (R) gravity (14) is given by,
Thus, we write the Einstein frame metric as follows,
where, dt = Ωdt, dr = Ωdr,N (r) = N (r(r)).
This gives the solution (15) in the Einstein frame, which is,
wherem = Ω m,q = q andΛ = Λ/Ω 2 . One can show that the above solution satisfies the field equations of the action (2) . As it is clear, the solution (31) is just a re-scaled representation of the Jordan frame solution (15) . This is a general feature of solutions with constant Ricci scalars so that no changes of the physical behavior of the thermodynamical quantities are expected. In other words, the correspondence of the f (R) gravity, whose constant curvatures, in Jordan and Einstein frames holds true at the dynamical level as well as the thermodynamical one. This is due to the fact that any black hole solution with constant value of Ricci scalar is a GR solution, since the f (R) field equations in this case are equivalent to GR with effective cosmological constant [53, 54] . Now the question is whether this true in the cases of the solutions with non-constant curvatures? This is the subject of the next section.
Similar to Section III, we discuss here the thermodynamics of spherically symmetric black hole solutions of an f (R) gravity in both Jordan and Einstein frames, focusing on those black holes which have not constant scalar curvature. The aim of this section is to investigate the validity of the correspondence of these solutions, in both the Jordan and Einstein frame, at the thermodynamics level.
A. Thermodynamics of Black Holes in the Jordan frame
For the spherically symmetric black hole line element (13) , we study the f (R) field equations (4) and (5) . Here we introduce a new f (R) theory,
where α is a nonzero dimensionful parameter. We note that the above f (R) gravity is similar to that has been studied in Ref. [55] . Hence, we write the Jordan frame vacuum solution in presence of electromagnetism as follows,
where the mass of the black hole m = − 1 6α which restricts α to have negative values. We take the cosmological constant Λ > 0. Then the solution (33) produces dSRN black hole. Unlike the previous work [55] , the charge q of the present solution is not related to the model parameter α. Since the α-parameter cannot vanish, the solution has no analogy in the GR theory. Interestingly, the solution produces a non-constant Ricci scalar, R = −8Λ + 1 r 2 , as required for our study in this section. Using the stability condition f R = 1 + αr > 0, for 0 < r < ∞, we restrict α to be negative, this is in agreement with the previous result we just got from the mass of the black hole. Since only a tiny correction of GR should be expected in this model, we find α → 0 − and therefore r can be extended up to r → ∞. We note that solution (15) differs from solution (33) by a coefficient term 1 2 , which has several non-trivial consequences, e.g. the Ricci scalar of the later solution has a radial dependence, while the former is not. Remarkably, there is no re-parametrization that is mapping these two solutions. Similar to the quadratic polynomial f (R) gravity, for AdSRN, i.e Λ < 0, there are three horizons with one cosmological horizon while for dSRN spacetime, i.e Λ > 0, there are only two event horizons. In Figure 2 (a), we plot the later case of solution (33) which shows that the black hole could have at most two horizons, Cauchy (inner) horizon r c and the event (outer) horizon r h , in the case that its horizon mass-radius exceeds a minimum,
However, these two horizons coincide forming one horizon, a degenerate one, denoted as r dg , in the case that the black hole mass is m = m min , so we get a Nariai black hole. In all other cases there are no horizons. Notably, when m = m min , we determine the degenerate horizon of the Nariai black hole as, (36) with minimum mass given by (34) , it shows that, for Λ > 0 case, the solution admits at most two horizons (rc, r h ) when m h > mmin, one degenerate horizon (r h = rc = r dg ) when m h = mmin and otherwise it provides a naked singularity; (c) typical behavior of the horizon entropy, (37) , which shows that S h does not always increases with r h , rather it reaches a maximum Smax at r h = 2 3|α| and then decreases, also it could have negative values when r h > 1/|α|; (d) typical behavior of the horizon temperature, (38) , and the heat capacity, (39) , which shows that both vanish at r dg , (35), whereas T h (r h < r dg ) < 0 and T h (r h > r dg ) > 0, for a critical charge q = qc = 1/ √ 96Λ the black hole admits a second order phase transition as C h diverges, for q < qc it acquires double second order phase transition, while for 0 < q < qc there is no such phase transition; (e) typical behavior of the horizon quasi-local energy, (40) , which shows that E h could have negative values; (f) typical behavior of the horizon Gibbs free energy, (41) , which shows that G h could have negative values for some values of α. We take Λ = 1.
By setting N (r h ) = 0, we determine the horizon mass-radius relation,
In Fig. 2(b) , we show the relation between the number of horizons and the horizon mass-radius relation. The Nariai black hole is located at ∂m h /∂r h = 0, which gives r dg as previously obtained in (35) . Next, we study the Bekenstein-Hawking entropy (19) for the solution (33), so we have,
As it is clear, the entropy is non-trivially modified, since f R (r h ) is not a constant. We note that the entropy is no longer proportional to the horizon area. In Fig. 2(c) , we plot three possible behaviors of the Bekenstein-Hawking entropy,
for different values of the parameter α. The entropy increases monotonically to a maximum value S max = 4π 27α 2 at r h = 2 3|α| , then it decreases to zero at 2 3|α| < r h ≤ 1 |α| and becomes negative for r h > 1 |α| as seen in Fig. 2(c) . Remarkably, the entropy has a maximum value, which is not usual in the general relativistic black hole physics.
The horizon-temperature relation (21) of the black hole solution (33) reads,
In addition, by substituting Eqs. (36) and (38) in (23), we calculate the heat capacity, which is,
We note that the behavior of the heat capacity is related to a critical charge q c = 1/ √ 96Λ. For q > q c , the heat capacity however diverges at,
which indicates a double second order phase transitions at these critical values r tr± . In addition, the black hole is thermally unstable as the heat capacity acquires negative values when r tr− < r h < r tr+ , and it is thermally stable as the heat capacity becomes positive for r h > r tr+ . For q = q c , the heat capacity diverges once at r h = 1/ √ 8Λ. For 0 < q < q c , the heat capacity does not diverge at finite r h values. In Fig. 2(d) , we plot the horizon-temperature relation (38) and the heat capacity (39) , showing their behaviors according to the choice of the model parameters.
For the Λ > 0 case, which we are focusing on, it is easy to show that the temperature and the heat capacity vanish on the degenerate horizon (35) . In general, Hawking temperature and the heat capacity are negative where r h < r dg .
For the f (R) gravity (32) , the quasi-local energy (25) becomes,
As clear the deviation from quasi-local energy of Schwarzschild black hole, E h = r h /2, is characterized by the model parameter α. In Figure 2 (e), we plot the horizon local energy showing possible positive and negative regions. Finally, let us evaluate the Gibbs free energy of the solution (33), by substituting Eqs. (36) , (37) and (38) in (27), which gives,
In Fig. 2(f) , we plot the horizon Gibbs energy-radius relation, for small values of |α| as it is apparent from the plots, the black hole could become unstable for some values of r h wherever the Gibbs energy becomes negative. For larger values of |α|, the black hole is stable as Gibbs energy G h > 0 and interpolates between dSRN and dS Schwarzschild black hole solutions.
In the next subsection, in order to accomplish our investigation of the (non)equivalence of Jordan and Einstein frames, we perform the same analysis of the above mentioned thermodynamical quantities-but-in Einstein frame.
B. Thermodynamics of Black Holes in the Einstein frame
In this subsection, we perform the analysis of the previous section in the Einstein frame, and we directly compare the results obtained in the Jordan and Einstein frame. For that purpose, we apply the conformal transformation (9) to the spacetime metric (13) , that is ds 2 E = Ω 2 ds 2 J , where the conformal factor of the f (R) gravity (32) is given by,
Thus, we write the Einstein frame metric,
Here we take the coefficient of the solid angle to define the new radial coordinate, so we identifyr = Ωr as the radial coordinate in Einstein frame; consequently we defineN (r) = Ω 2 N (r),K(r) = N Ω 2 Σ 2 and Σ = dr dr . We note that N (r) = 1 K(r) . In addition, the radial coordinate transforms accordingly as,
Since all physical quantities should be written in terms ofr, we write the inverse transformation,
where χ = 108αr + 12 √ 81α 2r2 − 12, which sets a constraint on the radial coordinater ≤ 2 √ 3 9|α| . This allows to write the potential (33) 
We plotN (r) versusr in Fig. 3(a) , which shows that the black hole is naked, if the mass is less than a minimum value, and particularly from, 
We plot the horizon mass-radius relation in Fig. 3(b) , which shows that the black hole may have two horizons at most wherem h > m min and it is naked singularity ifm h < m min . In addition, the plot shows the degenerate horizon r dg at which m h = m min , that is when ∂m h /∂r h = 0 holds true. Substituting Eq. (45) into (37) , we obtain that the black hole entropy in Einstein frame,
whereĀ = 4πr 2 h is the surface area of the black hole event horizon. This matches the standard form of the black hole entropy in Einstein frame. Then, the black hole entropyS h is positive and increases monotonically as it is apparent from Fig. 3(c) . This is different from the corresponding behavior of the same quantity in the Jordan frame, namely Eq. (37). The entropy S h has a maximum value at a specific horizon radius r h and decreases at larger radii, which shows clearly that there is no thermodynamical equivalence. In general, one can observe that, for f (R) gravity with non-constant Ricci scalar, the entropy in the Jordan frame (S h ∝ r 2 h f R ) should include some terms with radial dependance different from the usual quadratic behavior of the Einstein frame. For sure if one transforms the areā A → Ω 2 A = f R A, the Jordan frame entropy (37) should be reproduced again. Similar conclusions have been obtained in the case of Brans Dicke theory [40] . However, it is pointless to compare between the two frames while reexpressing the physical quantities in terms of the radial coordinates r instead ofr. As we show clearly that the entropy in Jordan frame has been modified due to additional α-term of the f (R) gravity (32) as it should be. On the other hand, by applying the appropriate transformation, we obtain the standard pictureS h ∝r 2 h of Einstein frame. We note that the inequivalence of Jordan and Einstein frames on the thermodynamic level has been discussed in the disformal f (R) gravity [23] . is fulfilled; (c) typical behavior of the horizon entropy, (49) , which shows that S h increases quadratically with r h ; (d) typical behavior of the horizon temperature, (50) , and the heat capacity, (51) , which shows that the black hole is not thermally stable (i.e.C h < 0) whereasr h < r dg ; (e) typical behavior of the horizon quasi-local energy, (52) , which shows that E h has maximum value and it could have negative values for some range of r h ; (f) typical behavior of the horizon Gibbs free energy, (53) , which shows that G h is always positive. As in Fig. 2 , we take Λ = 1. The comparison with the corresponding quantities in Jordan frame in Fig. 2 shows clearly that the two frames are not equivalent from thermodynamics point of view.
Similarly, we substitute Eq. (45) into (38) and (39) 
We plot Hawking temperature and the heat capacity in Fig. 3(f We plot the quasi-local energy in Fig. 3(d) . Finally, by Substituting Eq. (45) into (41) , the free energy in the grand canonical ensemble is found to be, The behaviors of the Gibbs energy of the black holes studied are presented in Fig. 3(f) for some values of the model parameters. As it can be seen in the figure, for the black hole solution (46) the Gibbs energy is always positive. Therefore, the conclusion of this section is that for non-constant scalar curvature black holes, the results in the Jordan and Einstein frames are different. In the next section, we complete our investigation of the correspondence of Jordan and Einstein frames on the cosmologic scale as well.
V. THERMODYNAMICS OF THE POWER-LAW COSMOLOGY IN f (R) GRAVITY
Similar to sections III and IV, we discuss here the thermodynamics of cosmological solutions of an f (R) gravity in both the Jordan and Einstein frames, focusing on those cosmologies with non-trivial scalar curvature. The aim is to investigate the validity of the correspondence of these solutions, in both frames, on the thermodynamics level. Unlike the previous sections, we begin here with the Einstein frame, then we discuss the correspondence in the Jordan frame.
A. Thermodynamics in the Einstein Frame
In this subsection, we consider the Fonarev solution, which describes a spherically symmetric and dynamically inhomogeneous background [56] . This solution is asymptotically an FLRW geometry, generated by a minimally coupled self-interacting scalar field φ with an exponential potential V (φ). In particular, for a vanishing mass parameter, the line element reduces to the spatially flat FLRW metric,
whereā(t) is the scale factor. In the following, we adopt the reduced Planck system of physical units, in which, = G = c = k B = 1. In the Einstein frame, the solution set of the field equations of the action (11) is given as [13, 56] ,ā
where α and a 1 are two constants. By comparing with the standard power-law scale factor a ∝ t , which gives a = t t0
where w φ is the equation of state parameter. Also, the Hubble and the deceleration parameters are defined as follows,
We note that the solution produces an accelerating expansion with w φ < − 1 3 . Thus, the Ricci scalar reads,
which is obviously a dynamical function. Next, we calculate some thermodynamical quantities associated of the solutions (55)- (57) , and in particular, the Hawking Temperature T =κ 2π whereκ denotes the surface gravity of the cosmological horizon and the entropy S = A/4 where A denotes the area of the cosmological horizon. In practice, we deal with three cosmological horizons, namely the apparent, the Hubble and the event horizon. However, we follow the argument that the apparent horizon, for a dynamical spacetime, is the causal one associated with the surface gravity and the gravitational entropy [57] [58] [59] [60] . For this purpose, we write the apparent horizon R AH of the Fonarev solution,R
which coincides with the Hubble horizon in the flat FLRW case. Thus, the Hawking temperature T AH on the apparent horizon R AH can be written as [60] ,
Using (60), we get the entropy,S
where the area of the apparent horizon is given as A = 4πR 2 AH . Now let us consider the same theoretical framework in the Jordan frame, which is the subject of the next section. We shall mainly focus on quantities depending on the Hubble rate.
B. Thermodynamics in the Jordan frame
In order to calculate the thermodynamical quantities in the Jordan frame, we determine the f (R) gravity which corresponds to the scalar potential (57) . We define α = √ 12α 1 and V 0 = 2a 2 1 (3 − 4α 2 1 ), hence the potential (57) reads,
Taking into account the relation (10) and by substituting into (12) , we obtain,
The solution of the above differential equation gives,
where n = α−2 α−1 . In this case, with the help of equation (56), we evaluate the conformal factor,
Now by conformally transforming the metric, ds 2 J = Ω −2 ds 2 E , we get the Jordan frame FLRW metric,
where,
Thus, the Hubble and the deceleration parameters of the line-element (66), in the Jordan frame, are given by,
It is obvious that these quantities have similar dynamical behavior to the ones corresponding to the Einstein frame. Hence the thermodynamical quantities, which depend on Hubble in the two frames, are similar, however this result might be model dependent. Indeed, as was shown in Ref. [38] , certain types of singularities have different form in the two frames. Thus our result is not a general result but it rather shows the accidental similarity of some quantities which are not conformal invariant in the two frames. From a mathematical point of view, the answer behind this similarity might be found in the dynamical systems corresponding to the Einstein and Jordan frame cosmological systems, and specifically on how the trajectories in the phase space are related via a conformal transformation. This is a longstanding challenging mathematical problem, which we need to address separately in a future work.
VI. THERMODYNAMICS OF UV f (R) GRAVITY
In this section we introduce a new f (R) theory which is compatible with high energy scales at inflation. In Jordan frame, we expect a cosmology different from the power-law model due to the contribution of the higher order corrections of the adopted f (R) gravity. Then, in Einstein frame, we derive the corresponding scalar field which generates the Jordan f (R) gravity. We briefly discuss the scalar field potential pattern and its consequences on inflation. Finally, we compare the thermodynamical quantities in both Jordan and Einstein frames.
A. Thermodynamics in the Jordan Frame
Applying the f (R) field equations to the FLRW spacetime (67) in Jordan frame, we write the modified Friedmann equations
where the ρ R and p R are the quantities other than Einstein tensor. Although they have geometrical origins too, it is useful to separate them on the right hand sides in order to identify and interpret the contribution of the modified gravity. These are given by
Now it is obvious to see that the GR theory is recovered by setting f (R) = R, where ρ R and p R vanish identical and (69) and (70) reproduce the standard Friedmann and Raychaudhuri equations.
We introduce a novel f (R) gravity of the form
where the constant R i denotes the value of the Ricci scalar at inflation and α is a dimensionless parameter. Obviously, the above form covers the ultraviolet (UV) gravity, since it may take the form f (R) ≃ R + αR 2 /R i + 1 2 α 2 R 3 /R 2 i + · · · , (αR/R i 1). So we expect that the f (R) corrections to have an essential role at high energy scales, R ≃ R i . In addition, the f (R) gravity (73) fulfills the constraints f R > 0 and f RR > 0, which indicates that ghosts or gravitational instabilities are not expected. However, at low energy scale, αR/R i ≪ 1, the theory reproduces the GR gravity, whereas f (R) ≃ R. Recalling that R = 6(2H 2 +Ḣ), in absence of matter (ρ M = 0, p M = 0), Eq. (69) and (70) give
During inflation theḢ 2 ,Ḣ 3 ,Ḧ and ... H terms in Eq. (74) and (75) can be neglected relative to others. In addition, we note that the exponential term, e 6αR/Ri , cannot be made to vanish. The above equations read
We next obtain the solution
Although the above solution is exact, it is hard to understand the dynamical evolution of the system or to show how sensitive it is to the initial conditions. However, we can rewrite the solution in the forṁ
which represents a one dimensional autonomous system, i.e.Ḣ = F (H). Consequently, we can interpret the above differential equation as a vector field on a line, whereas its trajectory in the (H,Ḣ) phase space can be used as a basic tool to analyze the dynamics of the model. In general, these systems are fully explained by the asymptotic behaviour of the trajectoryḢ(H) and their fixed points. It is obvious that the phase portrait (79) asymptotically fixes toḢ = Ri 24α , which could be withinḢ < 0 orḢ > 0 regions depends on the sign of α. Therefore, we draw the phase portrait (79) in Fig. (4) . For positive/negative values of α, the model performs an inflationary behaviour at large Hubble regime withḢ < 0 (i.e Hubble decreases with time). In the following treatments, we restrict our analysis to positive values of α. As shown in the figure, the universe has a fixed point at H f = 1 6 3Ri α whereasḢ = 0. The phase space analysis of the exact solution ensured the capability of the model to perform an inflationary dynamics at large Hubble regimes. In order to proceed the discussion of the thermodynamical quantities in Jordan frame, we need to obtain the Hubble parameter. From (78), we can give an approximate expressions of α . Since the system cannot reach this point in finite time, the universe has no initial singularity. Therefore, for H < H f , it evolves in inflationary regime withḢ < 0 which can end the inflation epoch naturally as indicated by the intersection of the phase portrait with the zero acceleration curve,Ḣ = −H 2 . For α < 0, the universe begins with a pseudo initial singularity as H → ∞, but pushed to t → ∞. The trajectory shows that the universe performs a quasi-de sitter inflationary behaviour, then it ends at the trajectory cuts the zero acceleration curve. This exit is followed with a Type II (sudden) singularity asḢ → ±∞ at finite H = 1
12
−15R i α . In both cases, we expect that the GR to lead the evolution at relatively low Hubble regime just as in the standard cosmology.
where H i and a i are the Hubble parameter and the scale factor at the moment of inflation (t = t i ), respectively. Then, we can directly derive the apparent horizon
and the area of the apparent horizon
Also, we evaluate the entropy and Hawking temperature at the horizon,
In Fig. 5 , we plot Eq. (85) and (86) to visualize the evolution of the entropy and Hawking temperature at the apparent horizon.
In the following subsection, we consider the same theoretical framework in Einstein frame. Also, we focus on the thermodynamical quantities which are related to the Hubble rate. 
B. Thermodynamics in the Einstein frame
Let us consider inflationary dynamics in the Einstein frame for the model (73) in the absence of matter fluids. The field φ in the Einstein frame corresponds to (73) is defined by
Using this relation, the field potential (12) reads
where W(x) denotes the Lambert-W function, which is the solution of the transcendental equation W e W = x. The potential drops to zero at φ = 0, which allows the scalar field to oscillate about its global minimum and perform a reheating process. We plot the potential pattern in Fig. 6 . In general this pattern is compatible with inflationary potential. We note that the slow-roll analysis and the reheating process should be applied in details 2 . However, we focus in the present work on the thermodynamical quantities in Einstein frame. The relation between the cosmic timet in the Einstein frame and that in the Jordan frame is given by dt = Ω dt. Recalling Eqs. (80) -(82), we writē Figure 6 . A schematic plot of the potential (88). The potential has a global minimum at φ = 0, where the scalar field is normalized to Planck's mass.
where t = t i corresponds tot = 0. Also, the Einstein frame scale factor,ā(t) = Ω a(t), takes the form a(t) ≃ā i 5 2
. Similarly the evolution of the Hubble parameter,H = 1 a (dā/dt) = 1 √ fR H +ḟ R 2fR , is given byH
In order to evaluate the thermodynamical quantities related to the Hubble rate in Einstein frame, we obtain the apparent horizon
Then, the area of the cosmological horizon is
Now, we write the apparent horizon entropy and Hawking temperature in Einstein frame, respectively, as below
are related to Hubble rate. In order to examine the thermodynamic in Jordan frame, we derived the corresponding f (R) ∝ R n which in return produces a power-law cosmology. In this case, we found that the thermodynamic in the two frames is equivalent. For the newly introduced f (R) = Re αR/Ri UV gravity, we derived the Jordan frame solution and then some thermodynamic quantities related to Hubble rate. Then, we derived the corresponding scalar-tensor theory in Einstein frame, which introduces a new inflationary potential. As we showed, the thermodynamic quantities in Einstein frame are nontrivially modified. We believe that the accidental equivalence of the two frames in the context of the power-law cosmology, may be explained by studying in depth the correspondence of the dynamical systems corresponding to the two frames, and thus relating the trajectories in the phase space, or even perhaps the fixed points.
In conclusion, f (R) gravity and its corresponding scalar-tensor theory are mathematically equivalent, at least when conformal invariant quantities are considered. However, this equivalence is clearly broken when singularities are present as it has been explicitly demonstrated in Ref. [18] . As we demonstrated, the two frames are not thermodynamically equivalent at a quantitative level, in terms of several physical quantities. This clearly indicates that the notion of frame-independent quantities as real physical quantities should be further developed.
